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ABSTRACT
We revisit the rates of neutrino pair emission and absorption from nucleon-nucleon Bremsstrahlung
in supernova matter using the T -matrix formalism in the long wavelength limit. Based on chiral
effective field theory (χEFT) two-body potentials, we solve the Bethe-Goldstone equation accounting
for the in-medium T -matrix including non-diagonal contributions. Our calculations consider nucleons
with arbitrary degree of degeneracy and hence account for final state Pauli blocking. We compare our
results with one pion exchange (OPE) rates, commonly used in supernova simulations, and calculations
using an effective on-shell diagonal T -matrix from measured phase shifts. We also estimate that multi-
scattering processes and RPA correlations introduce small corrections on top of the in-medium T -matrix
results at subsaturation densities.
Keywords: core-collapse supernova, neutrino opacities
1. INTRODUCTION
Neutrino interaction with nucleons in proto-neutron
star (PNS) (Burrows et al. 2006) plays a crucial role in
many aspects of core-collapse supernovae (CCSNe), such
as the explosion mechanism (Burrows 2013; Janka et al.
2007; Janka 2012) as well as the synthesis of heavy ele-
ments in neutrino-driven winds (Arcones & Thielemann
2013; Mart´ınez-Pinedo et al. 2016) and the long-term
neutron star cooling (Yakovlev et al. 2001; Yakovlev &
Pethick 2004). Three-dimentional (3D) simulations with
detailed neutrino transport have shown that explosions
are very sensitive to neutrino opacities even at the level
of 10%–20% (Melson et al. 2015; Burrows et al. 2018).
Therefore, an accurate description of neutrino interac-
tion in hot and dense nuclear matter related to CCSNe
is highly demanded.
We revisit the neutrino pair emission and absorption
from NN collision in SN matter using T -matrix elements
based on χEFT potentials following (Bartl et al. 2014;
Bartl 2016). Neutrino Bremsstrahlung NN → NNνν¯,
its inverse NNνν¯ → NN , and the related inelastic scat-
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tering NNν → NNν play key roles in changing the
number density and energy for the heavy-flavor SN neu-
trinos and are thus important for determining the neu-
trino spectra formation (Raffelt 2001; Keil et al. 2003).
The most widely used Bremsstrahlung rate in SN sim-
ulations (Hannestad & Raffelt 1998) is based on the
one-pion-exchange (OPE) potential in the Born approx-
imation with only interactions among neutrons consid-
ered. As already mentioned by Hannestad & Raffelt
(1998), a proper treatment of NN correlations for gen-
eral nuclear matter should be considered for a better
description of neutrino Bremsstrahlung (see also Friman
& Maxwell 1979; Sigl 1997; Yakovlev et al. 2001; Bartl
et al. 2014; Pastore et al. 2015; Dehghan Niri et al. 2016,
2018; Riz et al. 2018). Modern nuclear interactions from
χEFT have been used to study neutrino Bremsstrahlung
based on the Landau’s theory of Fermi Liquids (Lykasov
et al. 2008; Bacca et al. 2009; Bacca et al. 2012; Bartl
et al. 2014; Bartl 2016). The necessity to go beyond the
Born approximation was demonstrated by Bartl et al.
(2014) using effective on-shell T -matrix elements ex-
tracted from experimental phase shifts (see also Sigl
1997; Hanhart et al. 2001; van Dalen et al. 2003). It
should be pointed out (Bartl et al. 2014), however, that
the use of on-shell T -matrix is only valid in the limit
of zero energy transfer between nucleons and the neu-
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trino pair. For finite energy transfer, off-shell T -matrix
elements are needed. van Dalen et al. (2003) also ex-
plored the in-medium effects on the T -matrix based on
the Bonn C potential for neutrino Bremsstrahlung rates,
but their study was limited to neutrino emissivities at
conditions relevant to neutron stars. Bartl et al. (2014)
performed the first calculation of NN Bremsstrahlung
for arbitrary mixtures of neutrons and protons in super-
nova matter.
In this work we aim for an improved description of
neutrino Bremsstrahlung that includes both off-shell
matrix elements and Pauli blocking effects. We solve
the Lippmann-Schwinger (LS) equation to obtain the
vacuum T -matrix (Lippmann & Schwinger 1950) and
the Bethe-Goldstone (BG) equation (Bethe 1956; Gold-
stone 1957) to account for in-medium effects in the T -
matrix. The Bremsstrahlung rate, or more precisely the
associated structure factor S(q, ω), with q and ω the
momentum and energy transfer, is obtained using the
Fermi’s golden rule in the long wavelength limit (q → 0),
which is consistent with that derived from the finite-
temperature linear response theory (see, e.g., Weldon
1983; Roberts & Reddy 2017). To account for multi-
scattering effects and to get around of divergences at
ω → 0, we introduce a relaxation rate parameter or
width parameter whose value is determined from the
normalization of S(q → 0, ω) (Hannestad & Raffelt
1998). Our calculations are valid for general conditions
since the Fermi distributions with the Pauli blocking of
nucleons are always considered. We compare them to re-
sults using the Boltzmann distributions without block-
ing, which are only valid in the non-degenerate regions.
The paper is organized as follows. In Sec. 2, we calcu-
late perturbatively the structure factor and the neutrino
Bremsstrahlung rate, and then study the effects of us-
ing different nuclear matrix elements (vacuum T -matrix,
in-medium T -matrix and OPE potential) with/without
blocking, and with half-off-shell or on-shell matrix ele-
ments. In Sec. 3, we include the width parameter to
normalise the structure factor properly, and then com-
pare our results with the previous ones in the literature.
RPA correlation effects are considered and studied in
Sec. 4. We present summary and discussions in Sec. 5.
2. NEUTRINO BREMSSTRAHLUNG RATE:
PERTURBATIVE CALCULATION
2.1. Formalism
To study neutrino Bremsstrahlung and related pro-
cesses, we consider the diagrams as shown in Figure 1,
including both the direct and the exchange contribu-
tions. Neglecting weak magnetism and pseudoscalar cor-
Figure 1. Feynman diagrams of neutrino Bremsstrahlung,
Na + Nb → Nc + Nd + να + ν¯α, where N stands for either
a neutron, n, or a proton, p, and α = e, µ, τ for different
neutrino flavors. Both the direct (left) and exchange (right)
diagrams are considered.
rections, the amplitudes of the diagrams are
M (1) =
GFC
a
A√
2
nas〈cd|V σ(a)i |ab〉nas
li
ω
, (1a)
M (2) = −GFC
c
A√
2
nas〈cd|σ(c)i V |ab〉nas
li
ω
, (1b)
M (3) =
GFC
b
A√
2
nas〈cd|V σ(b)i |ab〉nas
li
ω
, (1c)
M (4) = −GFC
d
A√
2
nas〈cd|σ(d)i V |ab〉nas
li
ω
, (1d)
where |ab〉nas and |cd〉nas are normalized antisymmetric
states of the initial and final nucleon pair, which are
characterised by their relative momenta and spin pro-
jections (see Appendix B for more details). For neu-
trino pair absorption we have ω = (Eν + Eν¯) > 0. σ
(a)
i
(i = x, y, z) are the Pauli matrices acting on the nu-
cleon Na, li are the spatial components of the leptonic
weak current, CaA = gA/2 ' 0.63 if Na is a proton and
CaA = −gA/2 if it is a neutron, and GF is the Fermi cou-
pling constant. Note that we do not include the vector
terms in M(1,2,3,4) since they are completely cancelled
with each other in the non-relativistic limit within the
Born approximation (Friman & Maxwell 1979; Raffelt &
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Seckel 1995; Hannestad & Raffelt 1998). Going beyond
the Born approximation and using the half-off-shell T -
matrix, the complete cancellation of the vector terms
does not hold anymore. Nevertheless, its contribution is
negligible compared to the axial-vector terms. V could
denote either the nucleon-nucleon scattering T -matrix
based on the χEFT potential of Entem et al. (2017)
with cutoff Λ = 500 MeV or the OPE potential. For
comparison with previous results (Friman & Maxwell
1979; Hannestad & Raffelt 1998; Bartl et al. 2014), the
OPE potential is treated in the Born approximation. In
the limit of non-degenerate nucleons our OPE results are
identical to those of Bartl et al. (2014). We will use T to
explicitly denote the scattering T -matrix based on the
χEFT potential. Bartl et al. (2014) have shown, that
at the Born approximation, OPE and χEFT potentials
give similar rates at sub-saturation density as they are
dominated by the long range part of the tensor force,
that is well described by the OPE potential. However,
they also showed that the low-energy resonant nature of
the nucleon-nucleon interaction (Bartl et al. 2014) en-
hances the rates and requires to go beyond the Born
approximation.
The total amplitude can be written into a more com-
pact form as
Mtot =
4∑
j=1
M (j) = −GF gA
2
√
2ω
nas〈cd|[V,
∑
r
σ
(r)
i τ
(r)
z ]
′|ab〉nas li,
(2)
where τz is the z-component of the isospin operator
with and τz|n〉 = |n〉 and τz|p〉 = −|p〉, r runs over
the two initial or final nucleons. The prime in the
commutator denotes that the potential is evaluated at
different values of the energy for the first (“positive”)
and second (“negative”) terms, see the definition in
Eq. (B38). For energy independent potentials, like the
OPE or the chiral potential at the Born level, it re-
duces to the standard commutator. The squared ampli-
tude can be divided into leptonic, L, and hadronic, H,
parts as
∑
spins |Mtot|2 = (G2F g2A/8)
∑
ij HijL
ij . For an
isotropic medium, we only need to consider the trace av-
erage of the hadronic part (Hannestad & Raffelt 1998):
∑
spins
|Mtot|2 isotropic−−−−−→ G2F g2AH¯EνEν′(3− cos θνν′),
H¯ ≡ 1
3
∑
i
Hii
=
1
3
∑
i
∑
spins
|nas〈cd|[V, 1
ω
∑
r=1,2
σ
(r)
i τ
(r)
z ]
′|ab〉nas|2.
(3)
Note that H¯ is an scalar under rotations due to the in-
variance of the trace under basis transformations. The
partial wave expansions of H¯(nn) = H¯(pp) and H¯(np) =
H¯(pn) are presented in Appendix B. The calculation of
H¯ requires the evaluation of the T -matrix elements in
momentum space 〈kf |T |ki〉, where ki ≡ (ka−kb)/2 and
kf ≡ (kc − kd)/2 are the relative momenta of the ini-
tial and final nucleon pair, and only the initial or final
nucleon pair is on-shell for finite values of ω (see Fig-
ure. 1), i.e. we deal with half-off-shell matrix elements.
Here, we fully consider their contribution when we solve
the Lippmann-Schwinger equation based on the χEFT
potential of Entem et al. (2017). Additionally, we in-
clude in-medium Pauli blocking effects (see Appendix A)
when solving the Bethe-Goldstone equation. With such
medium effects taken into account, H¯ is a function of
K = |K| ≡ |ka + kb| = |kc + kd|, ki = |ki|, kf = |kf |
and cos θ, where θ is the angle between ki and kf .
The response of nuclear medium can be described by
the so-called structure factor or response function. For
neutrino Bremsstrahlung in the long wavelength limit
(i.e., we ignore momentum exchange1), the axial struc-
ture factor, S
(λη)
σ , with λ, η=n or p, is given by (Hannes-
tad & Raffelt 1998; Lykasov et al. 2008; Bartl et al. 2014)
S(λη)σ (ω) =
1
nB
∫ ( ∏
l=a,b,c,d
d3kl
(2pi)3
)
fafb(1− fc)(1− fd)
×δ(3)(ka + kb − kc − kd)H¯(λη)(K, ki, kf , cos θ)
×(2pi)4δ(Ea + Eb − Ec − Ed + ω),
(4)
where nB is the total baryon number density, and fl
are the Fermi functions. Throughout this work, we al-
ways take the non-relativistic energy-momentum rela-
tion, and correspondingly the non-relativistic chemical
potential without including the rest mass. Note differ-
ently from the formalisms adopted in (Hannestad & Raf-
felt 1998), we do not need to consider a symmetry factor
for identical nucleon species since our matrix element is
calculated for normalised antisymmetric nucleon states.
In the perturvative limit of equation (4) the total axial
structure factor, Sσ, is simply
Sσ(ω) = S
(nn)
σ (ω) + S
(pp)
σ (ω) + S
(np)
σ (ω). (5)
The structure factor in Eq. (4) with the Fermi distri-
butions and blocking involves a multidimensional inte-
gral and can only be obtained numerically. In our nu-
merical computation, we choose ki along the z-axis, and
1 Based on the OPE potential, we have estimated that the long
wavelength limit introduces an error of . 10% at the saturation
density.
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without loss of generality, set ka in the xz-plane with
a polar angle denoted by θa. We further denote the
polar and the azimuth angles of kf by θ and φ. Once
ki, ka, θ, φ, and θa are specified, all momenta are then
fixed, making Eq. (4) a five-dimensional integral. We
use the Vegas subroutine in the CUBA library (Hahn
2005) invoking a Monte Carlo algorithm to evaluate all
the multidimensional integrals in this work.
In the non-degenerate limit, we have fafb(1− fc)(1−
fd) ' fafb ' exp{[(−K2/4−k2i )/mN +µa+µb]/T}, in-
dependent of all the angles, and Sσ(ω) can be simplified
to
S
(λη)
σ,m,b(ω) =
4mN
(2pi)5nB
∫
dKdkiK
2k2i kf H¯
(λη)
L=0(K, ki, kf )
× exp
{
−K
2/(4mN ) + k
2
i /mN − µa − µb
T
}
,
(6)
where mN = (mn+mp)/2 is the averaged nucleon mass,
and µa,b are the non-relativistic chemical potentials of
nucleons. Since
∫
d cos θPL(cos θ) = 2δL0, where PL is
the Legendre polynomial, only the L = 0 component
of H¯ contributes, see Eq. (B36). We use the subscript
m (v) to refer to the in-medium (vacuum) T -matrix ele-
ments, and b (f) when we use Boltzmann (Fermi) distri-
bution without (with blocking)2. Throughout this work,
we always take the bare nucleon mass for all our studies.
For typical densities in the neutrino-sphere, the effective
mass of nucleons is close to the bare value. At saturation
density, χEFT calculations (Hebeler et al. 2009; Wellen-
hofer et al. 2014; Drischler et al. 2017) found an effective
mass ∼ 0.9mN . Using such a value for both protons and
neutrons, the rates are only affected by a few percent.
When the vacuum T -matrix elements or the OPE
potential are used, H¯(λη) is independent of K and
integration over K can be analytically done with∫
dKK2 exp(−K2/(4mNT )) =
√
4pi(mNT )3, leading
to
S
(λη)
σ,v,b(ω) =
(2mN )
5/2T 3/2
(2pi)9/2nB
∫
dkik
2
i kf H¯
(λη)
L=0(ki, kf )
× exp
{
−k
2
i /mN − µa − µb
T
}
.
(7)
2 Not to be confused with the medium blocking for the T -
matrix. From now on, we will always refer ‘blocking’ to the Pauli
blocking of the final nucleon states as shown in Eq. (4), unless
otherwise specified.
Once Sσ(ω) is known, the inverse mean free path or
opacity of a neutrino against neutrino pair absorption is
λ−1A (Eν) =
g2AG
2
FnB
4
∫
d3k′
(2pi)3
(3− cos θνν¯)f ′(E′ν)
× Sσ(Eν + E′ν),
(8)
where k′ and f ′ are momentum and distribution func-
tion of the counterpart (anti)neutrino, and θνν¯ is the
angle between neutrino momenta.
The spectrum of emitted neutrinos with a particular
flavor per unit of solid angle is:
φ(Eν) =
g2AG
2
FnBE
2
ν
4(2pi)3
∫
d3k′
(2pi)3
(3− cos θνν¯)
× Sσ(−Eν − E′ν)[1− f ′(E′ν)],
≈3g
2
AG
2
FnBE
2
ν
4(2pi)3
∫
d3k′
(2pi)3
Sσ(Eν + E
′
ν)e
−(Eν+E′ν)/T .
(9)
The last expression neglects final state blocking by neu-
trinos and we have used the detailed balanced rela-
tion Sσ(−ω) = Sσ(ω) exp(−ω/T ). Assuming thermal
distributions for neutrinos, we find φ(Eν)/λ
−1
A (Eν) ∝
E2ν exp(−Eν/T ). Similarly, the energy loss rate due to
neutrino pair emission is
Qbrem =
3
4
g2AG
2
FnB
∫
d3k
(2pi)3
d3k′
(2pi)3
(3− cos θ)
× (Eν + E′ν)Sσ(−Eν − E′ν)[1− f(Eν)][1− f ′(E′ν)]
≈3g
2
AG
2
FnB
160pi4
∫ ∞
0
dωω6e−ω/TSσ(ω),
(10)
where the prefactor 3 accounts for three different neu-
trino flavors, and the final state blocking of neutrinos is
neglected in the last expression.
Assuming the neutrino spectrum follows a Boltzmann
distribution, f(Eν) ∝ exp(−Eν/Tν), with a neutrino
temperature Tν = T , the energy-averaged pair absorp-
tion inverse mean-free path per neutrino can be ex-
pressed as
〈λ−1A 〉
n′ν
≡ 1
n′ν
∫
λ−1A (Eν)f(Eν)E
2
νdEν∫
f(Eν)E2νdEν
=
g2AG
2
FnB
160T 6
∫ ∞
0
dωω5e−ω/TSσ(ω).
(11)
We use the inverse mean-free path per neutrino instead
of the inverse mean-free path as the latter depends on
the number of neutrinos that needs to be determined by
full Boltzmann transport calculations.
2.2. Energy-averaged inverse mean free path using
different treatments
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As already mentioned above, we can perform calcula-
tions based on different schemes: vacuum T -matrix, in-
medium T -matrix and OPE potential; each of them con-
sidering different approximations: either on-shell or half-
off-shell and the Boltzmann or Fermi distribution that
includes final state blocking. In what follows, we firstly
consider 〈λ−1A 〉/n′ν based on the vacuum/in-medium T -
matrix and the OPE potential, and explore the effects of
the different approximations. As in Bartl et al. (2014),
we take the typical conditions in SN characterised by
TSN (ρ) = 3 MeV
( ρ
1011 g cm−3
)1/3
, (12)
and choose Ye = 0.1, 0.3 and 0.5 for the following studies.
Figure 2 compares the results of 〈λ−1A 〉/(n′νnB) us-
ing the vacuum T -matrix, in-medium T -matrix and the
OPE potential. By dividing by the explicit factor nB
in Eq. (11), the value of 〈λ−1A 〉/(n′νnB) still increases
with density as shown in Figure 2 due to the temper-
ature dependence of Eq (12) that results in neutrinos
with higher energies as the density grows. This will be
further discussed when the normalized structure factor
is introduced.
Compared to the OPE potential, the T -matrix leads to
an enhancement of 〈λ−1A 〉 below ∼ 0.001–0.002 fm−3, i.e.
∼ (1.7–3.4)×1012 g cm−3, and a suppression above. The
enhancement at low densities for the T -matrix is due to
the resonant property of nuclear force (Bartl et al. 2014).
At high densities, higher relative momenta become more
relevant for which the T -matrix elements are suppressed
and hence the inverse mean-free path. Medium effects
lead to an slight increase of the Bremsstrahlung rate
by ∼ 10%. NN interactions at low energy are domi-
nated by two partial-wave channels, 1S0 (nn and np)
and 3S1 (only for np), with each having a large scatter-
ing length. The 1S0 component of the T -matrix element
is gradually modified by medium effects, and for typical
conditions encountered in SN matter, the absolute value
of the imaginary part is suppressed for k . 150 MeV,
while the real part is enhanced for k . 300 MeV. The
net effect is to slightly increase the Bremsstrahlung rate.
As Ye increases, the
3S1 channel becomes impor-
tant. Compared to the 1S0 channel, medium effects
on the 3S1 component lead to an evolution of the real
part from positive to negative values at small k as the
density increases. The transition takes place around
nB ' 4 × 10−2 fm−3 and is related to the dissolution
of the deuteron bound state when the blocking becomes
large enough. Above the transition density, the real
part of the diagonal T -matrix element in 3S1 channel
will stay negative for all k, different from the vacuum
T -matrix element that is positive at the low k region,
leading to pole at energy corresponding to the bind-
ing energy of deuteron and a phase shift of δ = pi at
k = 0, see Eqs. (A15) and (A16). The increase in the
rates around the transition density is mainly caused by
a growth of the absolute value of the imaginary part of
the T -matrix. Approaching the saturation density, the
competition between the real and the imaginary parts
starts to saturate the rates.
Figure 3 shows the ratios of 〈λ−1A 〉 using the Boltz-
mann distributions without blocking to those using
the Fermi distributions with blocking, where the half-
off-shell elements are used for both cases. The im-
pact of blocking increases with density as the nucleon
degeneracy increases. Using Eq. (12), the degener-
acy parameter for neutrons can be expressed as n =
E
(n)
F /T ' 0.1[ρ(1− Ye)/1011 g cm−3]1/3 ' 0.12[nB(1−
Ye)/10
−4 fm−3]1/3. We find that the Boltzmann ap-
proximations overestimate the opacity by ∼ 20% at
n ' 0.5, i.e., at nB ' 10−2 fm−3, and by ∼ 50%–
100% at nB ' 10−1 fm−3. As expected, the impact of
the Pauli blocking is insensitive to the nuclear potentials
used.
As given in Eqs. (A15) and (A16), the on-shell diag-
onal vacuum T -matrix is related to the experimentally
measured phase shifts and mixing parameters (relevant
only for coupled channels). This provides a method
to estimate the on-shell diagonal elements of the T -
matrix. Following Bartl et al. (2014), we use an effec-
tive on-shell element 〈k¯|T |k¯〉 to approximate the half-off-
shell and non-diagonal T -matrix element 〈kf |T |ki〉 with
k¯ =
√
(k2i + k
2
f )/2. This approximation has been found
reasonable for the OPE potential (Bartl et al. 2014).
When using the full T -matrix the effective on-shell ma-
trix elements underestimates the rates significantly for
densities n . 10−2 fm−3 by a factor up to 0.7, and
overestimate them above (see figure 4). Therefore, the
use of the half-off-shell T -matrix is required to reach an
accurate Bremsstrahlung rate.
3. NORMALIZED STRUCTURE FACTOR
The structure factor, Sσ(ω), given in Eq. (4) in the
long wavelength limit diverges as ω−2 for ω → 0, which
is a common feature of any Bremsstrahlung-type pro-
cess (Raffelt et al. 1996). Though there is no divergence
for the inverse mean free path 〈λ−1A 〉 studied in Sec. 2.2,
it may lead to an unphysical enhancement of λ−1A (Eν)
in the limit of Eν → 0. Hence, we want to obtain a
well-behaved Sσ(ω) and study how the related rates are
modified. It’s also provides a proper comparison with
the existing studies with well-behaved structure func-
tions (Hannestad & Raffelt 1998; Raffelt 2001; Bartl
et al. 2014). This also allows to extend the calculations
6 Guo and Mart´ınez-Pinedo
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Figure 2. 〈λ−1A 〉/(n′νnB) as functions of density with the temperature given by Eq. (12) and Ye = 0.1, 0.3 and 0.5, respectively.
The half-off-shell elements based on the vacuum, in-medium T -matrix and the OPE potential have been used for comparison.
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Figure 3. Ratios of 〈λ−1A 〉 using the Boltzmann distribution without blocking to those using the Fermi distribution with
blocking. The half-off-shell elements are used.
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Figure 4. Ratios of 〈λ−1A 〉 using the effective on-shell diagonal elements to those based on the half-off-shell/non-diagonal
elements. The Femi distribution with blocking is used.
to include RPA correlation effects based on a smooth
Sσ(ω), as will be done in Sec. 4.
It has been suggested (see e.g., Hannestad & Raffelt
1998; Raffelt 2001; Lykasov et al. 2008; Bacca et al. 2009;
Bacca et al. 2012; Roberts et al. 2012; Bartl et al. 2014;
Roberts & Reddy 2017) that the structure factor can
be regulated by replacing ω−2 with (ω2 + Γ2)−1, where
the width parameter Γ is introduced to characterise the
spin fluctuation or relaxation rate. The axial response
function can also be viewed as a spin auto-correlation
function which is expected to have an exponential de-
cay as exp(−Γt) at large time, leading to a Lorentzian
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form of Sσ(ω) (Hannestad & Raffelt 1998; Raffelt 2001).
This is equivalent to consider that the nucleon propa-
gator has a width due to nucleon-nucleon scattering in
medium, i.e., replacing ω−1 by (ω + iΓ)−1. Therefore,
the proper renormalization of nucleons in medium (also
called ‘multi-scattering’ effects in literature, Hannestad
& Raffelt 1998) renders Sσ(ω) a well-behaved function.
Studies based on Landau’s Fermi theory that compute
an energy-dependent relaxation rate lead also to a well-
behaved Sσ(ω) (Lykasov et al. 2008; Bacca et al. 2009;
Bacca et al. 2012; Bartl et al. 2014; Bartl 2016). Since
the relaxation rate varies very slowly with ω, we find
that Sσ(ω) regulated by a constant width parameter Γ
agrees within a few percent with the results of Bartl
et al. (2014).
The parameter Γ can be determined by the normal-
ization condition as (Raffelt & Strobel 1997; Hannestad
& Raffelt 1998)∫ ∞
−∞
dω
2pi
Sσ(ω) =
∫ ∞
0
dω
2pi
Sσ(ω)(1 + e
−ω/T )
=
2
nB
∑
i=n,p
∫
d3k
(2pi)3
fi(ε(k))[1− fi(ε(k))],
(13)
with ε(k) = k2/(2mN ) and nB the total nucleon number
density. Note that the above equation is exact for non-
interacting system, and we assume that the main effect
of nucleon-nucleon collisions is to increase the width of
Sσ(ω) while keeping the normalization. In what follows,
we always refer Sσ(ω) to the properly normalized struc-
ture factor, unless otherwise specified.
The normalized Sσ(ω) can be expressed as a Lorentzian
form as (Hannestad & Raffelt 1998; Raffelt 2001;
Lykasov et al. 2008; Bacca et al. 2009; Bacca et al.
2012; Roberts et al. 2012; Bartl et al. 2014; Roberts &
Reddy 2017)
Sσ(ω) = s(ω)
2Γ
ω2 + Γ2
, (14)
where s(ω) is a dimensionless quantity that contains ad-
ditional energy dependencies originating from the nu-
clear correlations and blocking. For ω < Γ, s(ω) ' 1,
and one has Sσ(ω) ' 2/Γ; for ω > Γ, Sσ ' 2s(ω)Γ/ω2
that is fully determined by the perturbative calculation
in Eqs. (4) and (5).
Taking as a reference the calculation based on the in-
medium T -matrix, we introduce
s˜(ω) ≡ Sσ(ω)
ω2 + Γ2Tm
2ΓTm
=
Sσ(ω)
STmσ (ω)
s˜Tm(ω), (15)
with ΓTm , S
Tm
σ and s˜
Tm the width and structure factors
using the in-medium T -matrix. We present the compar-
ison of s˜(ω) in Figure 5 to show the relative differences of
Sσ(ω) for using different approaches. Results based on
the fitting formulae of the structure factor from Hannes-
tad & Raffelt (1998) consider only neutron-neutron in-
teractions based on the OPE potential. To demonstrate
the effects of the off-shell elements and blocking, we also
show the results based on effective on-shell vacuum T -
matrix following the formalism of Bartl et al. (2014),
where the blocking effects are neglected and Sσ(ω) is
normalized to ∼ 1, see Eq. (13).
At low density condition where the blocking of the
final nucleons can be ignored (see the left panel of fig-
ure 5), we find an underestimation of s˜(ω), or Sσ(ω), at
intermediate ω and an overestimation for high ω & 20
MeV, when the effective on-shell T -matrix elements are
used. This is also consistent with the results shown in
Figure 4, considering that Sσ(ω) for ω ∼ 3T dominates
the inverse mean free path, see Eq. (11). As density in-
creases, the Pauli blocking starts to play a role, and its
impact becomes comparable or even dominant over the
one of off-shell effects (see the middle and the right pan-
els). For ω & 10 MeV, the off-shell effects and blocking,
together, suppress Sσ significantly. It is also interesting
to notice that s(ω) based on the half-off-shell T -matrix
including the blocking is close to 1 with a maximum
deviation of ∼ 40%. For s(ω) ∼ 1, Sσ(ω) based on T -
matrix is simply determined by the width parameter,
see Eq. (14).
The behavior of Sσ(ω) for high values of ω region is
very important to the energy-averaged opacity against
pair absorption (and Bremsstrahlung energy loss rate)
due to the factor of ω5 (ω6) in the integral [see Eq. (11)
and Eq. (10)]. As will be shown later, the combined
effect of off-shell elements and blocking on Sσ(ω) at high
ω can give rise to notable differences in 〈λ−1A 〉.
Compared to T -matrix, the OPE potential gives rise
to a very different Sσ(ω), or s˜(ω). Since Sσ(ω → 0) '
2/Γ, the value of s˜(ω) at small ω is determined by
the width parameter Γ. As discussed above, the res-
onance property of nuclear force exhibited in T -matrix
at low density (temperature) causes a larger Γ and thus
a smaller Sσ(ω) or s˜(ω) at small ω. On the other hand,
the T -matrix elements decrease rapidly with relative mo-
menta, we therefore expect a smaller Sσ(ω) at high ω,
and a smaller Γ (thus a larger Sσ(ω) at small ω) at high
density (temperature), compared to the OPE results.
Studies in Hannestad & Raffelt (1998) consider only
neutron-neutron interactions and hence our OPE results
are close to them at low Ye. Aside from the relative
small errors introduced in the fitting formulae of Sσ(ω)
in Hannestad & Raffelt (1998), the remaining differences
are due to the use of different piNN coupling constants.
We use [gA/(2Fpi)]
4 in calculating the matrix element
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Figure 6. Γ/nB as functions of density based on different nuclear matrix elements for Ye = 0.1, 0.3 and 0.5, respectively.
with gA = 1.26 and Fpi = 92.4 MeV, which is about ∼
20% smaller than (f/mpi)
4 used in Hannestad & Raffelt
(1998) with f = 1 and mpi the pion mass.
The corresponding values of Γ/nB required to nor-
malize Sσ(ω) are shown in Figure 6 as a function of
density. At densities around 0.01 fm−3, Γ can be as
high as a few MeV. As already mentioned above, the
resonance property at low energy/density and a rapidly
decreasing T -matrix element with relative momenta are
responsible for the enhancement/suppression of Γ at
low/high density, compared to the OPE results. Fur-
ther more, the behaviours of Γ/nB based on T -matrix
and the OPE potential can be understood in a more
quantitative way as follows. The T -matrix is dominated
by the two resonance channels, 1S0 and
3S1 for ω → 0,
hence the corresponding hadronic part of the matrix
element, H¯(k, k), varies with the relative momenta as
H¯(k, k) ∝ |TS=0,1|2 ∝ (a−2S=0,1 +k2)−1, where aS=0,1 are
the scattering lengths. For comparison, the OPE po-
tential leads to a different hadronic part, which takes a
form like H¯(k, k) ∝ k4/(k2 +m2pi)2 (Hannestad & Raffelt
1998). We consider the non-degenerate conditions where
k ∼ √TmN , and from the power counting of T in Eq. (7)
for the unnormalized structure factor S
(0)
σ , we find
Γ/nB ∝ limω→0[ω2S(0)σ (ω)]/nB ∝ T 1/2(mNT +ηa−2)−1
for using T -matrix, and Γ/nB ∝ T (mNT + η′m2pi)−1/2
for using the OPE potential, with the coefficients η, η′ ∼
O(1). Using the physical values for aS=0,1, mpi and mN ,
one can explain the behavior of Γ/nB with density (or
temperature) based on the T -matrix or OPE potential
shown in Figure 6.
We present an analytic fit of Γ/nB based on the vac-
uum T -matrix for all the conditions relevant to SN in
Appendix C. For those conditions considered, the fit-
ting formulae agree with the numerical results within
. 5%. The values of Γ can provide a fast estimation
of 〈λ−1A 〉 and Qbrem, as shown below. Approximating
s˜(ω) by 1, we have Sσ ' 2Γ/ω2 at ω & Γ, as indi-
cated from Eq. (14). Considering λ−1A and Qbrem are
dominated by Sσ(ω) at ω  Γ, see Eqs. (11) and (10),
and taking the Boltzmann distribution for neutrinos,
one can show 〈λ−1A 〉/(nBn′ν) ' 3g2AG2FΓ/(40T 2), and
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Figure 7. 〈λ−1A 〉/(n′νnB) based on normalised Sσ as functions of density for Ye = 0.1, 0.3 and 0.5, respectively.
Qbrem/nB ' 9g2AG2FT 5Γ/(10pi2). For the case of using
T -matrix, the above analytical expressions typically un-
derestimate the rates by . 30% at nB . 10−2 fm−3,
and lead to rates close to the numerical results at
nB ' 10−1 fm−3.
Figure 7 compares the results of 〈λ−1A 〉/(nBn′ν) based
on different normalized structure factors. The differ-
ences are simply due to different Sσ(ω) at high ω, as
shown in Figure 5. It should be also emphasized 〈λ−1A 〉
based on the normalized Sσ are only slightly smaller (by
up to ∼ 10%) than those based on the unnormalized Sσ,
see Figure 2. Therefore, the studies of 〈λ−1A 〉 based on
the unnormalized Sσ(ω) in subsection 2.2 still hold.
A more relevant quantity to neutrino transport in
supernova matter is the energy-dependent opacity
against pair absorption, λ−1A (Eν), defined in Eq. (8),
and the neutrino emissivity from nucleon-nucleon
Bremsstrahlung, φ(Eν), defined in Eq. (9). Since
φ(Eν) does not depend on the (anti)neutrino num-
ber density if the Pauli blocking is neglected, we
choose to show in Figure 8 φ(Eν) at nB = 0.001,
0.01 and 0.1 fm−3, respectively, for Ye = 0.1. Note
that λ−1A (Eν) can be obtained simply from φ(Eν) with
φ(Eν)/λ
−1
A (Eν) ∝ E2ν exp(−Eν/T ). At low density
(temperature) or for low Eν , T -matrix with half-off-
shell matrix elements gives rise to the largest emissiv-
ities. As density (temperature) or Eν increases, using
the effective on-shell T -matrix or the OPE potential
overestimates the emissivities. For the range of density
and Eν explored in Figure 8, the ratios of emissivities
based on the effective on-shell T -matrix and the OPE
potential to those based on the in-medium T -matrix
with half-off-shell elements range from ∼ 0.5–1.8 and ∼
0.7–5, respectively. Same as for the energy-averaged in-
verse mean free path 〈λ−1A 〉, medium effect on T -matrix
increases φ(Eν) by . (10–20)%.
4. RPA CORRELATIONS
In addition to the multi-nucleon broadening effects
discussed above, there is another correlation effect that
has been investigated within the framework of the RPA
(Burrows & Sawyer 1998; Reddy et al. 1999). The
advantage of our perturbative calculation of nucleon-
nucleon collisional broadening is that one can consider
the RPA effects separately. We discuss in this section
how the RPA correlation affects the response function
as well as the related rates.
The response of nuclear medium to weak current can
be studied systematically within the framework of the
finite temperature field theory. Specifically, the axial dy-
namic structure factor Sσ(q, ω) is given by the imaginary
part of retarded polarization function Π(q, ω) (Fetter &
Walecka 1971):
Sσ(q, ω) =
1
nB
2ImΠ(q, ω)
1− exp(−ω/T ) , (16)
where
Π(q, ω) ≡−i
Z
∫
d4xe−i~q·~xeiωtTr{e−β(H−
∑
µiNi)
× [n(3)n − n(3)p , n(3)n − n(3)p ]}θ(t), (17)
with n
(3)
n,p = ψ†n,pσ3ψn,p the z-component of spin density
operator, θ the Heaviside step function, and the com-
mulator bracket defined as [X,Y ] ≡ XY − Y X. We
introduce the factor 1/nB in Eq. (16) to make it consis-
tent the structure factors defined above, see Eq. (13).
The polarization function can be calculated via dia-
grammatic expansion in the imaginary- or real-time for-
malisms, with the imaginary part giving the structure
factor. An equivalent and more direct way is to use the
cutting rules (Weldon 1983; Bedaque et al. 1997), and
Im Π(q, ω) or the structure factor Sσ(q, ω) is determined
by the Fermi’s golden rule with proper statistical factors
for the related nucleons [see, e.g., Eq. (4)].
The RPA provides a formalism to account for the cor-
relation effects by summing an infinity number of ring
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R ≡ SRPAσ (ω)/Sσ(ω).
diagrams (Fetter & Walecka 1971; Burrows & Sawyer
1998; Reddy et al. 1999). Taking number density cor-
relation for systems composing of one species as an ex-
ample, the correlation function at the RPA level takes
a form as ΠRPA(q, ω) = Πu(q, ω)/(1 − v(q)Πu(q, ω)),
where Πu(q, ω) is the unit diagram and v(q) is the
spin-independent potential. Without considering the
exchange diagrams, the unit diagram is simply one-
particle-irreducible (1PI). As adopted in previous lit-
erature (Burrows & Sawyer 1998; Reddy et al. 1999),
Πu(q, ω) can be taken to be the free polarization func-
tion Π(0)(q, ω), which has an analytical expression and is
the same for both density-density and spin-density-spin-
density correlations (Burrows & Sawyer 1998; Reddy
et al. 1998). For axial response function studied in this
work, we choose to consider the RPA corrections on top
of the our calculated structure factor Sσ(ω) which has
already incorporated the collisional broadening. We fol-
low the formalism of Burrows & Sawyer (1998) based
on a spin-dependent potential (see also Reddy et al.
1999; Horowitz & Schwenk 2006; Horowitz et al. 2017).
In principle, RPA calculations should be based on the
same chiral potential used for the T -matrix (Entem et al.
2017), however the choice of Burrows & Sawyer (1998)
leads to nucleon scattering rates within ∼ 10% of the
model-independent studies based on virial expansion at
low density region (Horowitz & Schwenk 2006; Horowitz
et al. 2017). On general grounds RPA effects on the
Bremsstrahlung rates are expected to be smaller than
for scattering and hence following the approach of Bur-
rows & Sawyer (1998) provides a simple-to-implement
method to quantify their relevance.
For a nuclear system consisting of protons and neu-
trons, the axial structure factor (or the corresponding
polarization functions) takes a 2×2 matrix form as (Bur-
rows & Sawyer 1998)
Sˆσ =
[
S
(pp)
σ
1
2S
(pn)
σ
1
2S
(np)
σ S
(nn)
σ
]
. (18)
where the different entries in the matrix contain contri-
butions due to NN collisions described by the T -matrix.
The total axial structure factor Sσ entering is given by
Sσ = S
(pp)
σ + S
(nn)
σ +
1
2 (S
(pn)
σ + S
(np)
σ ), see eq. (5). De-
spite the fact that Burrows & Sawyer (1998) consider
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respectively.
scattering and we are interested in Bremsstrahlung, we
find that their eq. (47) also applies exactly to our case
and the structure factor that includes both collision ef-
fects accounted by the T -matrix and RPA correlations
is given by:
SRPAσ (ω) =
2
nB
Im[Π(ω)][1− exp(−ω/T )]−1C−1A , (19)
where
CA =
{
1− vGTRe[Π(ω)]
}2
+ v2GTIm[Π(ω)]
2, (20)
with vGT = 4.5× 10−5 MeV−2 and Π(ω) is given by
Im[Π(ω)] =
nB
2
Sσ(ω)[1− exp(−ω/T )], (21)
Re[Π(ω)] =
1
pi
P
∫
dω′
Im[Π(ω′)]
ω − ω′ . (22)
Figure 9 shows how the normalized Sσ(ω) in Eq. (13)
based on different nuclear matrix elements is affected by
RPA at different conditions with R ≡ SRPAσ (ω)/Sσ(ω).
The effect of the RPA correlation is to reduce Sσ(ω) at
low ω region due to a negative Re[Π(ω)], and to increase
it slightly at high ω as Re[Π(ω)] turns positive. We also
show in Figure 10 the RPA effects on the static structure
factor [or the normalization of Sσ(ω), see Eq. (13)] in the
long wavelength limit, which is defined as
Sσ,q=0 ≡ lim
q→0
∫ ∞
−∞
Sσ(q, ω)
2pi
dω =
∫ ∞
−∞
Sσ(ω)
2pi
dω. (23)
For comparison, we also present the mean-field or
Hartree results (Reddy et al. 1998) in Figure 10. In
this case Sσ,q=0 is simply given by Eq. (13), as our nor-
malized Sσ(ω) without including the RPA effects. RPA
correlations reduce Sσ,q=0, consistent with the studies
based on virial expansion (Horowitz & Schwenk 2006;
Horowitz et al. 2017). We find a very similar reduction
due to RPA correlations for the mean-field case and
the ones that consider collisions based on the T -matrix.
This justifies our assumption that the nucleon-nucleon
collisional broadening does not affect the normalization
of Sσ(w), but just redistribute the strength in a broader
energy region.
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ized Sσ(ω), as functions of density for Ye=0.1, 0.3 and 0.5,
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Figure 11 shows the effects of the RPA correlations
and the width parameter Γ on 〈λ−1A 〉 as functions of
density. As discussed above, the inclusion of Γ only af-
fects Sσ(ω) for ω . Γ. However, 〈λ−1A 〉 is determined by
Sσ(ω) at high ω and hence the effect of Γ is rather in-
significant, reducing the rates by up to a few percent at
subsaturation densities. The average rate, 〈λ−1A 〉, is en-
hanced slightly by the RPA effects, due to the increased
Sσ(ω) in the high ω region, see Figure 9. The combined
effect of Γ and RPA is ∼ 3% at most.
The effect of RPA correlations on the energy depen-
dent inverse mean-free-path λ−1A (Eν) is illustrated in
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Figure 12 by showing the ratio of λ−1A (Eν) including
RPA correlations to that without. The impact is similar
to the one on Sσ(ω) shown in Figure 9, i.e., a suppres-
sion at low energy region and an enhancement at high
energy. We find that the effects become significant only
for n & 0.01 fm−3 and can reach up to 10% near the sat-
uration density, consistent with that shown in Figure 11
for 〈λ−1A 〉.
5. SUMMARY AND CONCLUSIONS
We have revisited the rate of neutrino Bremsstrahlung
in supernova matter in the long wavelength limit and
investigated the effects of different treatments in a sys-
tematic way. The vacuum/in-medium T -matrix for NN
scattering with half-off-shell elements obtained by solv-
ing the Lippmann-Schwinger/Bethe-Goldstone equation
based on χEFT potential has been used to study the
Bremsstrahlung rates, to be compared with those based
on the OPE potential and the associated diagonal/on-
shell matrix elements. For a broad range of density,
temperature and Ye relevant to supernova conditions, we
have considered the blocking of the final nucleons, which
is to be compared with the studies using the Boltzmann
distribution without blocking. We have also explored
the effects of the width parameter, to account for multi-
scattering effects, and RPA correlations on the structure
factor and the related rates. Uppon demand, we can
provide a table with the numerical values of the struc-
ture factor, Sσ(ω) for a broad range of temperature,
density and Ye conditions reached in supernova simula-
tions. Alternatively, Appendix C provides an approxi-
mate expression for the structure factor that is accurate
to ∼ 30%.
Taking Eq. (12) to characterise the typical SN con-
ditions, our studies show that ignoring the blocking of
the final nucleons overestimates the rates by ∼ 20% at
nB = 0.01 fm
−3 (ρ ≈ 1.7×1013 g cm−3), and by ∼ 50%–
100% at nB = 0.1 fm
−3 (ρ ≈ 1.7× 1014 g cm−3). Using
the effective diagonal/on-shell T -matrix elements under-
estimates the rates by ∼ 50%–70% at nB = 10−4 fm−3
(ρ ≈ 1.7 × 1011 g cm−3), and by ∼ 30%–50% at
nB = 10
−3 fm−3 (ρ ≈ 1.7 × 1012 g cm−3), with the
effects getting stronger with increasing Ye. Close to the
saturation density, the effective on-shell T -matrix gives
rise to an enhancement by ∼ 20%–40%. We therefore
argue the half-off-shell T -matrix elements are required
for an accurate study of the Bremsstrahlung rate. We
confirm the results of previous studies (Bartl et al. 2014;
Bartl 2016) that using the T -matrix element instead of
the OPE potential leads to an enhancement by a factor
of 2–5 at nB = 10
−4 fm−3 (ρ ≈ 1.7×1011 g cm−3) due to
the resonance property of NN force, and a suppression at
densities above ∼ 2×10−3 fm−3 (ρ ≈ 3.3×1011 g cm−3).
We also find the medium effect on T -matrix, i.e., using
the so-called in-medium T -matrix, typically increases
the rates by . 10%–20%.
Following Hannestad & Raffelt (1998), we introduce
a width parameter or spin relaxation rate Γ to nor-
malise the axial structure factor Sσ(ω) and to have a
proper comparison with the previous studies in the lit-
erature (Raffelt 2001; Lykasov et al. 2008; Bacca et al.
2009; Bacca et al. 2012; Bartl et al. 2014). The effect
of Γ is to suppress Sσ(ω) at low ω region, and we find
the rates based on the normalized Sσ(ω) are only re-
duced by a few percent for densities above ∼ 0.01 fm−3
(ρ ≈ 1.7 × 1013 g cm−3). Comparisons of neutrino
pair absorption/emission rates based on our normalized
Sσ(ω) to those from Hannestad & Raffelt (1998) and
Bartl et al. (2014) are summarised in Figures 7 and 8,
respectively. We find the relative ratios of our results us-
ing T -matrix to those from the previous literature could
be either as small as ∼ 0.2, or as large as ∼ 5 for differ-
ent regions of density and Eν considered. The difference
from Bartl et al. (2014) originates mainly from off-shell
effects on the T -matrix as well as the blocking of the
final nucleons.
Effects of the RPA correlation on top of the normalised
Sσ(ω) that incorporates collisional broadening are fur-
ther explored. We find Sσ(ω) is reduced significantly
at low ω and slightly enhanced at high ω. Though the
normalization of Sσ(ω) is reduced, which is also consis-
tent with prediction from virial expansion, the energy-
averaged inverse mean free path 〈λ−1A 〉 is slightly en-
hanced by . (2–3)% below the saturation density. Same
as Sσ(ω), λ
−1
A (Eν) is suppressed at low Eν and enhanced
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at high Eν by the RPA correlations, but only by a negli-
gible factor within a few percent for relevant conditions.
The impact of neutrino Bremsstrahlung rates be-
yond OPE has been explored in 1D supernova sim-
ulations (Bartl et al. 2016; Fischer 2016) (see also
Raffelt 2001; Keil et al. 2003, for studies based on
Bremsstrahlung rates using the OPE potential). Our
calculations based on the half-off-shell T -matrix, simi-
larly to those of Bartl et al. (2014), predict a low density
resonant enhancement of the Bremsstrahlung rate 〈λ−1A 〉
and a suppression at high densities when compared with
OPE results (see Figure 7). Bartl et al. (2014) predict
a transition density that is typically smaller than the
values reached at the neutrinosphere that moves from
ρ ∼ 1012 g cm−3 to 1014 g cm−3 as the protoneutron
star deleptonizes. Hence, the net effect in the super-
nova simulations of Bartl et al. (2016) is a reduction
of the Bremsstrahlung rate by a factor of ∼ 2–5 when
compared with OPE rates. Such reduction translates
in a minor change of the neutrino luminosities (. 5%)
and a small increase of the averaged energies Eν within
1 MeV. In our calculations, the transition density is
shifted to higher densities similar to the ones at the neu-
trinosphere. This may indicate an even smaller impact
on the neutrino emission of the rates presented here.
However, given the non-linear nature of neutrino pro-
cesses in supernova matter a fully self-consistent simu-
lation is required to quantify their impact.
We expect the improved treatment of the NN interac-
tion presented in this work will significantly affect the in-
elastic scattering process, ν+N+N → ν+N+N , which
should exhibit more relevance in SN dynamics (Sawyer
1995; Raffelt & Strobel 1997; Hannestad & Raffelt 1998;
Raffelt 2001; Melson et al. 2015; Burrows et al. 2018;
Kotake et al. 2018). In principle, the same structure
factor, Sσ(q, ω), governs both neutrino scattering and
Bremsstrahlung as well as pair absorption on nuclear
medium, though different regions in (q, ω) are relevant
to each process, i.e., q2 ≤ ω2 for pair absorption and
Bremsstrahlung, and q2 ≥ ω2 for inelastic scattering.
To obtain Sσ in this work, we have taken the long wave-
length limit and therefore ignored the recoil of nucleons.
This is a good approximation for studying pair absorp-
tion and Bremsstrahlung, since the recoil energy, Er, is
always negligible compared to the energy transfer or the
width parameter, i.e., Er ∼ qPN/mN ∼ (T/mN )1/2q .
(T/mN )
1/2ω  max(ω,Γ) with PN the typical nucleon
momentum. We have checked by using the OPE poten-
tial that nucleon recoil affects the associated rates by
only a few percent for typical SN conditions. It is, how-
ever, not the case for inelastic scattering, since q is typi-
cal at the order of Eν , E
′
ν , and could be much larger than
ω = Eν−E′ν , which vanishes in the elastic limit. There-
fore, the nucleon recoil is no longer negligible (Raffelt
2001). We argue that the studies of Sσ(ω) in this work
should still be reliable for studying neutrino scattering
in the limit of Er ∼ max(Eν , E′ν) × (T/mN )1/2  Γ.
In the opposite limit where Γ is negligible compared to
Er and ω, S(q, ω) has a analytical expression including
the recoil effect (Burrows & Sawyer 1998; Reddy et al.
1998; Raffelt 2001). We plan to provide a full treatment
of Sσ(q, ω) incorporating both the collisional broadening
and the nucleon recoils in the future work.
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Sanjay Reddy, Achim Schwenk and Stefan Typel for
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has been partly supported by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) -
Projektnummer 279384907 - SFB 1245.
APPENDIX
A. T -MATRIX ELEMENTS IN VACUUM/NUCLEAR MEDIUM
The relevant formulae for obtaining the T -matrix elements in vacuum/nuclear medium are shown below.
A.1. vacuum T -matrix
The vacuum T -matrix can be obtained from the Lippmann-Schwinger (LS) equation as
T (k′,k;E) = V (k′,k) +
∫
d3k′′
(2pi)3
V (k′,k′′)
1
E − k′′2mN + iε
T (k′′,k;E), (A1)
where k (k′) is the relative momentum between the two incoming (outgoing) nucleons, and we adopt the notation
k ≡ |k|. We usually call the T -matrix on-shell when E = k′2/mN = k2/mN , half-off-shell when one of them holds, or
off-shell when neither holds.
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In partial wave components, the LS equation can be casted into
T JSTll′ (k′, k;E) = V JSTll′ (k′, k) +
∑
l′′
∫
k′′2dk′′
(2pi)3
V JSTll′′ (k
′, k′′)
1
E − k′′2mN + iε
T JSTll′′ (k′′, k;E), (A2)
where indices J, S and T are the three coserved quantum numbers: the total angular momentum, the total spin and
total the isospin of the nucleon pair; and l, l′ are the relative orbital angular momentum for the incoming and outgoing
nucleon pairs. Note that the coupling of partial waves with different l arises from the tensor part of the nuclear force
which does not conserve the angular momentum l. Due to the conservation of J ( ~J = ~l+ ~S) and parity Π = (−1)l, the
only allowed values of ∆l ≡ l− l′ are 0, ±2. Another selection rule from the Pauli exclusion principle is that l+S+T
should be odd.
The LS equation [Eq. (A2)] can be numerically solved by matrix inversion after discretizing the integral into a sum
(Haftel & Tabakin 1970; Machleidt 1993, 2001). Note that the factor iε in the denominator coupling the real and
imaginary parts of the T -matrix makes the calculation more involved3. A more efficient way is to deal with the real
R-matrix (or K-matrix), which is defined as (Landau 1990)
R = T + ipiT δ(E −H0)R, (A3)
and the R-matrix obeys a ‘real’ version of the LS equation as,
RJSTll′ (k′, k;E) = V JSTll′ (k′, k) +
∑
l′′
∫
k′′2dk′′
(2pi)3
V JSTll′′ (k
′, k′′)P
[ 1
E − k′′2mN
]
RJSTll′′ (k′′, k;E). (A4)
Once RJSTll′ is known, we can get the components of T -matrix from Eq. (A3). For half-off-shell T -matrix, we need
to solve:
T JSTll′ (k, k0;Ek0)
[
δl′l′′ + ipi
mNk0
2(2pi)3
RJSTl′l′′ (k0, k0;Ek0)
]
= RJSTll′′ (k, k0;Ek0), (A5)
with Ek0 = k
2
0/mN . It can be further simplified for uncoupled channels (with l = l
′) to
T JSTll (k, k0;Ek0) =
RJSTll (k, k0;Ek0)
1 + ipi mNk02(2pi)3Rll(k0, k0;Ek0)
, (A6)
with
Re[T JSTll (k, k0;Ek0)] =
RJSTll (k, k0;Ek0)
1 + [pi mNk02(2pi)3RJSTll (k0, k0;Ek0)]2
, (A7)
Im[T JSTll (k, k0;Ek0)] =
−pi mNk02(2pi)3RJSTll (k, k0;Ek0)RJSTll (k0, k0;Ek0)
1 + [pi mNk02(2pi)3RJSTll (k0, k0;Ek0)]2
. (A8)
The phase shifts for uncoupled channels from NN scattering can be simply given by (Machleidt 2001)
tan δJSTl (Ek0) = −
pik0mN
2(2pi)3
RJSTll (k0, k0;Ek0), (A9)
and for coupled channels, we have
U−1
[
tan δJJ−1(Ek0) 0
0 tan δJJ+1(Ek0)
]
U = −pik0mN
2(2pi)3
[
RJJ−1,J−1(k0, k0;Ek0) RJJ−1,J+1(k0, k0;Ek0)
RJJ+1,J−1(k0, k0;Ek0) RJJ+1,J+1(k0, k0;Ek0)
]
, (A10)
with U the standard 2× 2 mixing matrix given by
U =
[
cos εJ sin εJ
− sin εJ cos εJ
]
. (A11)
3 A direct solution for the complex T -matrix from matrix inversion is also carried out, which can provide a cross check for R-matrix
calculations. It has been shown in this work that high-precision consistences between these two approaches can always be reached.
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Note that we are allowed to drop the indices S, T for coupled channel without introducing any confusion since they
are fixed for a given J (i.e., use δJ , εJ and RJJ±1,J±1). From Eq. (A10), we can obtain
tan 2εJ(Ek0) =
2RJJ+1,J−1
RJJ−1,J−1 −RJSTJ+1,J+1
, (A12)
tan δJJ∓1(Ek0) = −
pik0mN
4(2pi)3
[
RJJ−1,J−1 +RJJ+1,J+1 ±
RJJ−1,J−1 −RJJ+1,J+1
cos 2εJ(Ek0)
]
. (A13)
Once fixing the phase parameters εJ and δJJ±1 from R-matrix elements, the T -matrix elements for the coupled
channels can be obtained from Eq. (A5) as,
T Jll′(k, k0;Ek0) = RJll′′(k, k0;Ek0)U−1l′′ l˜
[
1− i tan δJJ−1 0
0 1− i tan δJJ+1
]−1
l˜
˜˜
l
U˜˜
ll′
. (A14)
The above phase shifts and mixing parameters in coupled channels are defined in the so-called ‘BB’ convention (Blatt
& Biedenharn 1952). An alternative convention for the phase parameters is proposed in Stapp et al. (1957), which is
known as the ‘bar’ convention, and is usually adopted for analysing NN scattering data. The two conventions are the
same for uncoupled channels but different for the coupled channels. In the ‘bar’ convention, the on-shell T -matrix is
given by
T JSTll′ (k0, k0;Ek0) = −
8pi2
imNk0
[exp(2iδ¯JSTl )− 1] (A15)
for uncoupled channels, and
T JSTll′ (k0, k0;Ek0) = −
8pi2
imNk0
×
{
[exp(2iδ¯Jl ) cos 2ε¯
J − 1] for l = l′,
i exp[i(δ¯Jl + δ¯
J
l′ )] sin 2ε¯
J for l 6= l′, (A16)
for coupled channels. Note that only the on-shell T -matrix elements can be obtained from measured phase shifts; in
order to obtain the off-shell elements, the LS equation should be solved based on a given nuclear potentials.
A.2. in-medium T -matrix
The discussion for the vacuum T -matrix can be applied to the in-medium T -matrix using the Bethe-Goldstone (BG)
equation,
T JSTll′ (k′, k;K,Ω) = V JSTll′ (k′, k) +
∑
l′′
∫
k′′2dk′′
(2pi)3
V JSTll′′ (k
′, k′′)g¯II(K,Ω, k′′)T JSTl′′l (k′′, k;K,Ω), (A17)
where g¯II(K,Ω, k
′′) is an angle-averaged 2-particle propagator4, which in the quasiparticle approximation is given by
g¯II(K,Ω, k) =
〈
1− f(ε(k1))− f(ε(k2))
Ω− ε(k1)− ε(k2) + iη
〉
θ
, (A18)
with the two nucleon momenta k1,2 =
1
2K ± k and θ the angle between the total momentum K and the relative
momentum k. Ω is the total energy of the nucleon pair and ε(k1,2) is the non-relativistic single particle energy of
the nucleon that in the quatiparticle approximation is given by ε0(k1,2) = k
2
1,2/(2mN ). The Fermi function takes the
standard form as f(ε) = 1/[1+exp
(
ε−µ
kBT
)
] with µ the non-relativistic chemical potential of nucleon. In the low density
limit, we have ε→ ε0 and f → 0, and therefore g¯II(K,Ω, p)→ (E − k2/mN + iη)−1, with E = Ω−K2/(4mN ).
The exactly same procedures are taken to numerically solve the in-medium T -matrix. Once the partial components of
the R-matrix are obtained from matrix inversion, one can use Eqs. (A6) and (A14) to obtain the T -matrix elements, but
with the replacement of k0mN with 2k
2
0〈1−f(ε(k1))−f(ε(k2)〉θ[d〈ε(k1)+ε(k2)〉θ/dk|k=k0 ]−1 at Ω = 〈ε(k1)+ε(k2)〉θ for
any given value of K [see explicitly Eqs. (A6) and (A13)]. In the low density limit we have 〈ε(k1)+ε(k2)〉θ = K24mN + k
2
mN
,
f((k1,2))  1, and therefore d〈ε(k1) + ε(k2)〉θ/dk|k=k0 = 2k0/mN , which guarantees that the in-medium T -matrix
goes to the vacuum one.
4 the angle procedure is applied to avoid coupling of partial waves with different values of J ; and only minor effects are introduced
compared to the exact procedure with the full 2-particle propagator (Sartor 1996; Suzuki et al. 2000; Frick et al. 2002).
16 Guo and Mart´ınez-Pinedo
B. MATRIX ELEMENTS FOR NN BREMSSTRAHLUNG IN PARTIAL WAVES COMPONENTS
Bartl et al. (2014) and Bartl (2016) have developed a formalism for the calculation of matrix-elements of NN
Bremsstahlung in partial waves components within the long-wavelength approximation in the pn-formalism. In the
following, we present an alternative derivation using the isospin formalism.
Let us consider the process (see Fig. 1)
Na +Nb → Nc +Nd + ν + ν¯, (B19)
where N stands for either a neutron, n, or a proton, p. Energy and momentum conservation imply:
ka + kb=kc + kd + q, (B20a)
Ea + Eb=Ec + Ed + ω. (B20b)
In the following, we will consider the limit in which neutrinos carry away zero momenta q ≈ 0. We define the relative
momenta of the nucleons as
ki = ka − kb, kf = kc − kd. (B21)
As the center of mass momentum of the nucleons is conserved, we consider states that are characterized by the relative
momenta of the nucleons and their spin projections, |ab〉 = |k sasb〉 normalized such as
〈kf scsd|ki sasb〉 = (2pi)3δ(ki − kf )δsascδsbsd . (B22)
We can build fully antisymmetric states using the permutation operator as P12
|ab〉nas = |k sasb〉nas = 1√
2
(1− P12)|k sasb〉 = 1√
2
[
|k sasb〉 − | − k sbsa〉
]
. (B23)
States of good spin and isospin are obtained as:
|k SSz TTz〉 =
∑
sasbtctd
〈1/2 sa 1/2 sb|S Sz〉〈1/2 ta 1/2 tb|T Tz〉|k sasb tatb〉, (B24)
where we use the convention of neutrons having isospin projection 1/2. Expanding the plane wave states into partial
waves we obtain:
|k SSz TTz〉 =
∑
lm
Y ∗lm(kˆ)|k lmSSz TTz〉, (B25)
with kˆ the unit vector in the direction of k and k = |k|. The partial wave states are normalized as:
〈kf lfmf SfSz,f TfTz,f |ki limi SiSz,i TiTz,i〉 = (2pi)3 δ(ki − kf )
k2i
δlf liδmfmiδSfSiδSz,fSz,iδTfTiδTz,fTz,i . (B26)
Coupling the orbital angular momentum and spin we finally have states:
|k lSJM TTz〉 =
∑
mSz
〈l mS Sz|J M〉|k lmSSz TTz〉. (B27)
We can build normalized antisymmetric states using the permutation operator, e.g.,
|k SSz TTz〉nas = 1− P12√
2
|k SSz TTz〉 =
∑
lm
1− (−1)l+S+T√
2
Y ∗lm(kˆ)|k lmSSz TTz〉 =
∑
lm
Y ∗lm(kˆ)|k lmSSz TTz〉nas.
(B28)
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The calculation of the matrix element for NN Bremsstrahlung requires the evaluation of the spatial trace of the
hadronic tensor (Raffelt & Seckel 1995; Hannestad & Raffelt 1998). This includes contributions from the eight diagrams
given in Figure 1 (see also Friman & Maxwell 1979) that give for the nn or pp contributions
H¯(nn) = H¯(pp) =
1
3
∑
sasbscsdu
|nas〈kf scsd|Ou|ki sasb〉nas|2
=
1
3 · 4
∑
sasbscsdu
(−1)1+u〈kf scsd|Ou(1− P12)|ki sasb〉〈ki sasb|O˜−u(1− P12)|kf scsd〉, (B29)
where the sum on u runs over the spherical components, 0 and ±1, of the vector operator O that fullfills (Ou)† =
(−1)1+uO˜−u. We have used non-antisymmetric states to explicitly show the direct and exchange contributions.
Expressions for the operator O within the long-wavelength limit used in the present work will be provided later.
For the moment, we keep the formalism fully general. The obtained expressions are then also applicable for more
sophisticated treatments of the nuclear weak current and/or the intermediate nucleon propagator. Using states of
total spin S and isospin T we have:
H¯(nn) =
−1
3 · 4
∑
SfSz,f
SiSz,i
u
(−1)u〈kf SfSz,f 1 1|Ou(1− P12)|ki SiSz,i 1 1〉〈ki SiSz,i 1 1|O˜−u(1− P12)|kf SfSz,f 1 1〉, (B30a)
H¯(pp) =
−1
3 · 4
∑
SfSz,f
SiSz,i
u
(−1)u〈kf SfSz,f 1−1|Ou(1− P12)|ki SiSz,i 1−1〉〈ki SiSz,i 1−1|O˜−u(1− P12)|kf SfSz,f 1−1〉.
(B30b)
For the np case the direct and exchange terms correspond to physically different processes whose contribution needs
to be summed. We obtain
H¯(np) =
1
3
∑
SfSz,f
SiSz,i
u
|〈kfSf Sz,f |Ou(1− P12)|kiSi Sz,i〉|2, (B31)
that gives for isospin states:
H¯(np) =
−1
3 · 4
∑
SfSz,fTf
SiSz,iTi
T ′fT
′
iu
(−1)u〈kf SfSz,f Tf0|Ou(1− P12)|ki SiSz,i Ti0〉〈ki SiSz,i T ′i0|O˜−u(1− P12)|kf SfSz,f T ′f0〉.
(B32)
In the following we provide formulas to evaluate the necessary matrix elements using standard angular momentum
algebra. We need to evaluate the following matrix elements
H¯(Tz) =
−1
3 · 4
∑
SfSz,fTf
SiSz,iTi
T ′fT
′
iu
(−1)u〈kf SfSz,f TfTz|Ou(1− P12)|ki SiSz,i TiTz〉〈ki SiSz,i T ′iTz|O˜−u(1− P12)|kf SfSz,f T ′fTz〉,
(B33)
with H¯(nn) = H¯(Tz = 1) = H¯
(pp) = H¯(Tz = −1) and H¯(np) = H¯(pn) = H¯(Tz = 0).
Following (Bartl et al. 2014; Bartl 2016), we proceed by doing a partial wave expansion using equation (B25),
introducing states of total angular momentum (B27), writing the product of spherical harmonics with the same
18 Guo and Mart´ınez-Pinedo
arguments as a sum over spherical harmonics. In addition, we use the Wigner-Eckart theorem to explicitly perform
the sum over projections. This gives:
H¯(Tz) =
1
3 · 4
∑
JiJfJ
′
iJ
′
f
TiTfT
′
iT
′
f
lilf l
′
il
′
f
SiSfLL
′
∑
MiMfM
′
iM
′
f
mimfm
′
im
′
f
Sz,iSz,fMM
′u
(−1)Jf−Mf+J′i−M ′i+u+1+lf−Sf+Mf+l′f−S′f+M ′f+li−Si+Mi+l′i−S′i+M ′i
(
Jf 1 Ji
−Mf u Mi
)(
J ′i 1 J
′
f
−M ′i −u M ′f
)(
li Si Ji
mi Sz,i −Mi
)(
lf Sf Jf
mf Sz,f −Mf
)(
l′i Si J
′
i
m′i Sz,i −M ′i
)
(
l′f Sf J
′
f
m′f Sz,f −M ′f
)(
li l
′
i L
−mi m′i M
)(
li l
′
i L
0 0 0
)(
lf l
′
f L
′
mf −m′f M ′
)(
lf l
′
f L
′
0 0 0
)
(−1)mi+m′f+M+M ′ [JiJfJ
′
iJ
′
f lilf l
′
il
′
fLL
′]
4pi
YL−M (kˆi)YL′−M ′(kˆf )
〈kf lfSfJf TfTz||O(1− P12)||ki liSiJi TiTz〉〈ki l′iSiJ ′i T ′iTz||O˜(1− P12)||kf l′fSfJ ′f T ′fTz〉,
(B34)
where the matrix elements are reduced in total angular momentum space but not in isospin and we have introduced
the notation [J ] ≡ √2J + 1. The sums over projection quantum numbers can now be performed using the following
relations between 3-j and 6-j symbols, the orthogonality of 3-j symbols, and the spherical harmonics addition theorem:
∑
mim′iSz,i
(−1)li+l′i+Si+m′i+mi−Sz,i
(
Ji li Si
−Mi mi Sz,i
)(
l′i J
′
i Si
−m′i M ′i −Sz,i
)(
l′i li L
m′i −mi M
)
=
(
Ji J
′
i L
−Mi M ′i M
){
Ji J
′
i L
l′i li Si
}
,
(B35a)
∑
mfm′fSz,f
(−1)lf+l′f+Sf+m′f+mf−Sz,f
(
Jf lf Sf
−Mf mf Sz,f
)(
l′f J
′
f Sf
−m′f M ′f −Sz,f
)(
l′f lf L
′
m′f −mf −M ′
)
=
(
Jf J
′
f L
′
−Mf M ′f −M ′
){
Jf J
′
f L
′
l′f lf Sf
}
,
(B35b)
∑
MiM ′iu
(−1)J′i+Ji+1+M ′i+Mi−u
(
Jf Ji 1
−Mf Mi u
)(
J ′i J
′
f 1
−M ′i M ′f −u
)(
J ′i Ji L
M ′i −Mi M
)
=
(
Jf J
′
f L
−Mf M ′f M
){
Jf J
′
f L
J ′i Ji 1
}
,
(B35c)
∑
MfM ′f
(
Jf J
′
f L
−Mf M ′f M
)(
Jf J
′
f L
′
−Mf M ′f −M ′
)
=
1
2L+ 1
δLL′δM−M ′ , (B35d)
∑
MM ′
(−1)MYL−M (kˆi)YL−M ′(kˆf )δM−M ′ =
∑
M
Y ∗LM (kˆi)YLM (kˆf ) = PL(kˆi · kˆf )
2L+ 1
4pi
, (B35e)
neutrino nucleon-nucleon Bremsstrahlung 19
to finally obtain
H¯(Tz) =
1
3 · 4(4pi)2
∑
JiJfJ
′
iJ
′
f
TiTfT
′
iT
′
f
lilf l
′
il
′
f
SiSfL
(−1)Sf+Si+Ji+L+J′f [JiJfJ ′iJ ′f lilf l′il′f ][L]2
{
Ji J
′
i L
l′i li Si
}{
Jf J
′
f L
l′f lf Sf
}{
Jf J
′
f L
J ′i Ji 1
}(
li l
′
i L
0 0 0
)(
lf l
′
f L
0 0 0
)
PL(kˆi · kˆf )
〈kf lfSfJf TfTz||O(1− P12)||ki liSiJi TiTz〉〈ki l′iSiJ ′i T ′iTz||O˜(1− P12)||kf l′fSfJ ′f T ′fTz〉.
(B36)
Equation (B36) is valid for any vector (rank 1) operator and hence can be used even in calculations that consider
the weak hadronic current beyond the leading approximation and allows for the inclusion of two-body currents. At
leading order in the weak current and within the long-wavelength limit the operator O can be expressed as:
Ou = 1
ω
[T ,Yu]′, O˜u = 1
ω
[T †,Yu]′, with Yu =
∑
r
σ(r)u τ
(r)
z , (B37)
where T is the T -matrix and the sum in r runs over the two initial or final nucleons. We have introduced the
isospin operator τz|n〉 = |n〉, τz|p〉 = −|p〉 to make clear the spin-isospin dependence of the operator. The factor 1/ω
originates from the non-relativistic propagator of the nucleon to which the weak interaction is attached. The prime in
the commutator denotes that the T -matrix is evaluated at different values of the energy for the first (“positive”) and
second (“negative”) terms
〈kf |[T , A]′|ki〉 ≡ 〈kf |T (Ekf )A−AT (Eki)|ki〉, (B38)
with A an arbitrary operator and Ek ≡ k2/mN . Finally for the reduced matrix elements of the operators O and O˜
we have:
1
2
〈kf lfSfJf TfTz||O(1− P12)||ki liSiJi TiTz〉 = 1
ω
{
T SfJfTflf li (kf , ki;Ekf )〈ki liSfJf TfTz||Y ||ki liSiJi TiTz〉
− 〈kf lfSfJf TfTz||Y ||kf lfSiJi TiTz〉T SiJiTilf li (kf , ki;Eki)
}
,
(B39)
1
2
〈ki l′iSiJ ′i T ′iTz||O˜(1− P12)||kf l′fSfJ ′f T ′fTz〉 =
1
ω
{[T SiJ′iT ′il′f l′i (kf , ki;Eki)]∗〈kf l′fSiJ ′i T ′iTz||Y ||kf l′fSfJ ′f T ′fTz〉
− 〈ki l′iSiJ ′i T ′iTz||Y ||ki l′iSfJ ′f T ′fTz〉
[T SfJ′fT ′fl′f l′i (kf , ki;Ekf )]∗},
(B40)
where we have introduced the shorthand notation for the matrix elements of the vacuum T -matrix:
T SJTlf li (kf , ki;E) ≡ nas〈kf lfSJM TTz|T (E)|ki liSJM TTz〉nas
=
1
2
〈kf lfSJM TTz|T (E)(1− P12)|ki liSJM TTz〉,
(B41)
with E given by Eki = k
2
i /mN or Ekf = k
2
f/mN for the initial or the final nucleon pair to be on-shell. It can be
easily generalised to the case of using the in-medium T -matrix, where one need to replace all the T -matrix elements,
T SJTlf li (kf , ki;Ek), by T SJTlf li (kf , ki;K,Ωk), with Ωk = K2/(4mN ) + k2/mN and k being either ki or kf . The reduced
matrix elements of the operator Y are:
〈k lSfJf TfTz||Y ||k lSiJi TiTz〉 =6(−1)Tf−Tz+l+Si+Jf+1[SiSfJiJfTiTf ]
[
(−1)Sf+Tf + (−1)Si+Ti
]
(
Tf 1 Ti
−Tz 0 Tz
){
Sf Si 1
Ji Jf l
}{
1
2
1
2 1
Si Sf
1
2
}{
1
2
1
2 1
Ti Tf
1
2
}
.
(B42)
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Notice that due to the fact that we use normalized antisymmetric states the sums in equation (B36) are restricted
to combinations of l, S, and T such as l + S + T = odd, see eq. (B28). For Tz = 1 we have Si = Sf = 1 while for
Tz = 0 we have Ti = 0, Tf = 1 or Ti = 1, Tf = 0 and either Sf > 0 or Si > 0.
C. ANALYTIC FIT TO THE STRUCTURE FUNCTION
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Figure 13. Comparison of the energy averaged mean free path from Figure 7 for several Ye values with the analytic fit in
Eq. (C43).
Table 1. Coefficients y
(α)
ij , i, j = 0, 1, 2, 3, with α = a, b, c corresponding to the regions of low, intermediate and high densities:
(a) 10−4 ≤ nB ≤ 10−3 fm−3 and 2 ≤ T ≤ 10 MeV; (b) 10−3 ≤ nB ≤ 10−2 fm−3 and 6 ≤ T ≤ 24 MeV; and (c) 10−2 ≤ nB ≤ 10−1
fm−3 and 10 ≤ T ≤ 50 MeV. We use the notation a(x) ≡ a× 10x.
j 0 1 2 3
y
(a)
0j −1.69(1) 6.39(3) −7.20(3) 1.15(3)
y
(a)
1j 1.44(1) −1.51(3) 1.84(3) −4.61(2)
y
(a)
2j −3.19(−1) 1.56(2) −1.95(2) 5.63(1)
y
(a)
3j −8.63(−5) −5.77 7.34 −2.24
y
(b)
0j −1.52(1) 3.50(3) −3.78(3) 3.83(2)
y
(b)
1j 1.59(1) −3.96(2) 4.44(2) −6.65(1)
y
(b)
2j −4.96(−1) 1.91(1) −2.15(1) 3.46
y
(b)
3j 6.75(−3) −3.23(−1) 3.65(−1) −5.93(−2)
y
(c)
0j 5.18(1) 2.06(3) −2.15(3) 1.40(2)
y
(c)
1j 8.46 −1.05(2) 8.79(1) 2.48(1)
y
(c)
2j −1.70(−1) 2.39 −1.60 −1.13
y
(c)
3j 1.19(−3) −1.94(−2) 1.10(−2) 1.20(−2)
As shown in Figure 5, s˜(ω) based on both the vacuum and in-medium T -matrix is close to 1, with deviations up to
30% for high ω. Within this level of precission we can approximate the structure function as:
Sσ(w) = s0
2Γ
ω2 + Γ2
(C43)
where Γ depends on the astrophysical conditions of density, temperature and Ye, and s0 = 1.3 represents a typical
energy averaged value of s˜(ω). In the following, we provide a numerical fit that captures the dependence of Γ on
the astrophysical conditions. We consider three different regions with low, intermediate and high densities: (a)
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10−4 ≤ nB ≤ 10−3 fm−3 and 2 ≤ T ≤ 10 MeV; (b) 10−3 ≤ nB ≤ 10−2 fm−3 and 6 ≤ T ≤ 24 MeV; and (c)
10−2 ≤ nB ≤ 10−1 fm−3 and 10 ≤ T ≤ 50 MeV. For all the above conditions, of Ye is smaller than 0.5. Due to isospin
symmetry, values of Γ for Ye > 0.5 are identical to those for 1− Ye.
For a given region, α, with α = a, b, c, we express Γ as a third order polynomial of T and Ye:(
Γ
nB
)(α)
= f (α)()×
3∑
i,j=0
y
(α)
ij T
iY je , (C44)
with f (α) a “correction” factor that depends on the degeneracy:
f (a)() = 1, (C45a)
f (b)() =
4.007− 
4.007− 0.8062 , (C45b)
f (c)() =
{
2.3377× 2.742−6.41− ,  ≤ 1,
0.0188× +219.0+4.50 ,  > 1,
(C45c)
where the degeneracy parameter is defined as  ≡ TF /T = (3pi2nB)2/3/(2mNT ). The values of coefficients y(α)ij are
shown in Table 1. Figure 13 compares the energy averaged mean free path from Figure 7 for several Ye values with
the analytic fit.
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